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TECHNICAL MEMORANDUM ¥o. 978"

-DYNAMIC SIMILITUDE IN INTERNAL~COMBUSTION ENGINES*

By”o. Lutz

Various proposals have been made to adopt as high-

speed criterion the quantity n? Ne or —n,/Ng (reference
1) (n = rpm, Ny = effective rated hp), the point made
being that this value is apvroximately constant for type
series; that is, unaffected by the engine size. Herein-
after, relations possessing this property will be termed
"model guantities," in conformity with Xutzbach's "nodel
rotative specd® (reference 2). XK. v. Sanden (reference 1,
Pe 312) had shown that the cited property can be devel-
oped on the "gpecific rotative speed® n,/ﬁ; if the mean
bpressure and the mean piston specd - or at least 1t prod-
uet - are presumed constant. This suggests a method in
general form on the basis of similarity considerations,
which obviates the assumption of constant piston speed.

In fact, it will be scen that the piston speed - as, more-
over, any other specd, such ‘as dbearing velocity - nust be
indepeondent of the quantity dimensions and must be a rep=
resentative quantity similar to the high specd and the
specific weight per horsecpower (reference 1 (v. Sanden),
PPe. 312 and 315).

THE LAW OF SIMILITUDE IN INTERNAL-COMBUSTION ENGINES

Notation
A length (n) m pressure (kg/m”2
T timo () K nass (ké n~l g2)
kK force (kg) . A 3 temporature (°Kk)

The proportlional nunmbers of the other derivoted quantities
(s?ch as speeds or accelerations) are given in parentheses
v). : .

— e -

Y : . .
"Ahnlichkecitsbetrachtungen bei Byennkraftnaschinen.
Ingenieur~Archiv, Bd. IV, 193%, Dp. 373-383.
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We start from Newton's goneral law of similitude in
the formn (reference 3)
N
K o= ol - - (1)
T8

which holds for the motion procegses of the gases in the
working chamber as well as for the motion of the engine
parts, -

By geomebtrical similitude the masses vary as the
third power of tac linear dimensions, or

TR ‘ ._ (2)

to the. cxtent that the gases have the same density and the
engine parts are made of the same material. To allow for
discrepancies in gas donsities, in the structural materi-
alg, and eventual structural modifications, the correction
factor. a 1is introduced:®
3
Moo= a A ‘ (2a)

For idertical operating conditions, the pressures in
the working chamber are also identical, because of the
c¥cle, hence :

= K |
In order to have latitude here alsoc for different graphical
representation, the correction factor b 1is added:
K
= }\—é- = b (Sa)

From (1), (2a), and (3a) the law of similitude then
follows at ’

>

= (v) = § : (4)

*Strictly speaking, the motion process of the gases should
be separate from that of the moving parts, each with dif-
ferent correction factors a; but as the same law of $i-
nilitude applies t0 Hoth processes, this division can be
foregone, for the law is conditioned through the require-
ment (3a), which _is the same for both processes (pressure
in gas = pressure on piston).
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i ... Since . X/T, represents the proportional number of a
speed, it follows that the speeds in internal-comdbustion
engines are not affected by the size of the engine and can
only vbe varied within a comparatively narrow zone, charac-

terized br the correction factor /§ . With the length

scale AN as basis, we find:

For the time (s),

e T k ,
T= /2= e

the times vary as the lengths;

. . o3 Lm0 —1
For the rotative speeds and angular velocities (min ~,s ~),

Tt =J§A—l = (v) A * (6)

the rotative speeds and angular velocities vary inversely
to the lengths.

For the accelerations (m s~ 2),

A - 2 .
jr'g":g}\l:(V) 7\1 (7)

the accelerations also vary inverscly to the lengths, but
the potcatla& variations are greater than dv the rotative
speceds ((v) with respect to (v)).

For the forces (kg),

K o= bM (8)

the forces vary as the squares of the lengths;

For the nower output (kg m s

KA Ly Rl p (v) A® (9)

or mances vary also as the squares of the lengths,
.added vossible variation of tnc speeds (v).

For the weight per horsepower (kg hp 1,
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=y =A/K%3 A= ()N - (10)

the performances vary as the lengths; the potential varia-
tions corresvond to the third power of 1/(v), hemce the
speeds are of great influence;

For volumetric efficiency (hp m °),

KA -
e A
TAS v (v)

L) Y

it varies inversely to the lengths - the higher the speed,
the higher the <volumetric efficiency:

For the high speed (n./W4 ),

/ Eb / —~ v) 4 ab (12)

it is not dependent on the dimensions of the machine and
is principally affected by the speeds (factor (v)°):

L) . ) - /8
For the specific weight per horsepover (kg hp °/%)

s

4
u/z
BT 1 (13)

5 2 5 Y T & &,
(RN (xn°? N/ b () 4 adb

this also is independent of the dimgnsions ard is even more
affected by the speeds (factor (v)~) than (n/Tg).

MODEL QUANTITIES

NWow the model quantltles are compiled from the charace
teristic engine data rotative speed =n (rpm), power Ny
(hp/cylinder), quantity Vy (stroke wvolume in liters par ewlin-
der) and weight G (kg/cvlinaer) To enable direct con-—
parisons botween the individual design tyves - power, vol-
une, and weight are referred to one cylinder. PFor identi-
fication of the model quantities, underscored letters are
used: 1n denotes the rotative speed, 1 the power, ¥
the volume, and g the welght. Thus the model quantity
formed of power and welght, reads §L in weight compari-

sons, and 1, in horsepover comparisons.,
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'a) Thermal High Speed .

The already enployed "high‘speed? ‘n, =n,/N, = that

.....

is, the model quantity formed of rotative speed and horse~
power - is termed "thermal high speed" to differentiate it
from the corresponding relation bvetween rotative speed and
Tolune., It indicates the rotative speed of the sinilar
one-~horsepower engine, It is

(ny) = ) Y - (12)

The corresponding relation for the horsenower would be:

1, = U, n® . (122a)

the "horsenower of the sinilar engine with the rotative
speed 1/w1r.“ Ads stated, this quantity is partially used,
although it affords no values appropriate for the repre-
sentation.

b) Mechanieal High Speed

This cxpresses the reclationship between rotative speed

-

and nachinc size. As nodel quantity, obviously
3
n =10 /Ty (14)
cones in for consideration. It represents the rotative
speed of the similar l-liiter cngine. It is
-1 3/ .3
(2g) = (7)) A7 /N = (v) (142)

the mechanical high spced is a pure speed relation.

The corresponding reletion for the volume would be

— 3
¥, = Won : (14v)
the "stroke volume of the sinmilar engine with rotative
speed 1/nin; ¥, 1s even less clear than the horsepower

relation 1 (12a).
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¢c) Specific Weight per Horsepower

This is already defined by

1 Ng

It represents the weight of the similar one-horsepower
engine. According to what has gone before,

1
- = - — (13)
('ggl) (.v—)?Tab :

The reciprocal relation would be

N
L, = —z7s ~ . (13b)
2 oA . : ,
the "horsopower of the similar engine of l-kilogran weight .

Equation (13a) should be more appropriate for representa-
tion.

d) Weight per Liter of Stroke Volune
This is the only relation with linear gquantities
G
J=S = Vﬁ (15)
- h

It reprosents the weight of the sinmilar 1-liter engine,
The ratio of the liter weights is

(gv) = i% = a (15a)

The reciprocal relation

. Ty

_ = 15%b
%, 5 ( )

gives "stroke capacity of the similar engine of l=kilogran
weight !

e) Specific Horsepower (ap/cu in.)

It is the model quantity formed of

horscpowsr and
stroke capacity and expressed dy
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which is the horsepower of the similar l-liter engine.

"The ratio of the specific horsepowers is

. b(*).A?
(ly_)-: __.;_2___ = b(v) | : (162a)

"The reciproecal relation nay also becone valuable:
v, 4 .
: = B
Iy 7 N 378 (16D)
L o

it indicotes the "stroke volume of the sinilar one-horse-
power engine,!

f) The Relation between Rotative Speed and Weight
This involwes
3
= n .JG (17)

or
£ = G n® (17a)

although no particular importance is likely to be attnched
to then. ' '

We explore in this connection the commonly used char-—
acteristic values. : :

Hodel quantities in the sense of the ginilarity con-
sideration are: the mean pressure (working pressure), the
rean piston speed, the weight per stroke volume. Q/Vh, the

- piston loading W_/E,, and the charge utilization No/nVy.

Weight per horsepower G/Ne, and ‘horsgepower per stroke
volune Ng/Vy are not model quantities; the first in-
creascs, the other decreases with the size of the machine.

. Incidentally, the nondincnsional relation of the spe-
cific horsepower 1. = Ne/Vha ® is employed by Italy
against Held {Automot. Ind., No. 16, 1930), and Stadie (Au-
tomob.~techn. 2., 1932, p. 356).
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K. v. Sanden has already used the quantities 1, and

'gz in some of his studies (reference 1, p. 317)., The cor-
responding relations mz; =n,/Tg and g, = G/Nes/g mani-

fest that the engines in the logarithmic diagram must group
around the straight line 313 gy = n3G = constant since,
according to (17a) n°G itSelf is a model quantity,

Bv plotting the thermal high speed 1 against the
mechanical high speed Lo, Yvoth in logaritamic scale, =2
further swvstem of curves - sloped at 45° - can be added,
which gives the specific horsepower. This chart (fig. 1)
containg the data for wvarious engines.

The chosen method has the advantage of bringing out
the mean pressures also. For 4-stroke-cycle engines, it

is

2

900 W N
o = ———2 = 900 g8
Von n A
ko) h
or ‘
142
Pe = 900 —=z 4 (18)

The lines Pe = constant in the logarithmic chart are
therefore straight lines with a slope %tan o = 3/2. For
2=stroke~cvcle or double-acting engines the Pe lines. are
shifted upward or, as shown in the chart, the plotted en-~

. 3 v P 2 - - = 1

gines are shifted dowaward by the amount 1In 2 = 5 1ln 2
for 2-stroke-cvcle or doudle-acting engines, and bdy

Inv4 = 1n 2 for 2-stroke-cycle and double~acting cengines.

Exomples
le Aircraft engine.- l2-cvlinder, 4dastroke-cycle;

Ng = 680 ap, 'n = 1850 rpm, Vy = 46,9 liters. The corre-
sponding values per cyliader are: X 56,7 hp/cylindef,

e
Vh.=13.91 liters/cvlinder. Hence, QI = nﬂ/NeA= 12,§10;
= S . . _Eg o - _ QL .
Qi = n'/Vh = 2600; l! = th73 = 22.70; Pg = 900 i;g =

7.91 kg/cm2. The last two wvalues can Ye read immediatelyw
from:the chart. -
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2. Sain »ng*ne.~ b~CV1inder, 2~gstroke—-cycle -

Ne = 2850 hp, .n =-160 rpm, ~Vy = 1278 liters; each cylin-
der: N, = 475 hp, Vu = 213 liters. Hence, n, = 3490,
. 900 B " .
n, = 956, lyg = 13.3, pg = -5 g—_? = 6,27 kg/em®. The
ast value is read from the D, lines, the engine plot dYe-
ng shifted dowanward dy % in 2.

Arnother chart, featuring the engine weight, as ob~
tained from the weight characteristics & and &, (fiz,

2), shows the weight of the similar one-horsepower engine,
gl, Dlotted against gv, that is, the weight of the sin-

ilar l-liter ongine. The svecific horsepower is again rca
from the 45°~slope lines

APPLICATION TO ENCOUNTERED PHEJOMENA

a) Gravity Phenomena

Cooling water and oil circulation arec influenced by
the force of gravity. TFroudel!s model law is applicadle.

For the ratio of the Froude characteristices F = va/lg
(g = ncceleration duc to gravity), we find:
2
— -1 2 ~-1
(p) = LX) _B/a J BT L ¥ (19)

(V) (g) A1l a

The gravity phonomena do not procecd sinilarly; the
Froude characteoristics decreasc with increasing engine size.

) Phenomcna Due to EZlastic Forces

This includes the stresses in the gears and casing so
far as they are attributadble to tho cwvcle of action of the
engine (hence not stresses due to gravity, dbut the stresses
in connecting rods, crarkshafts, bearings, tic rods, cylin-
der hoads, and those duc %o gas pressure in the cylinder).
It includes further all vidbration phenomena tracecadble to
clastic forces, such as critical crankshaft rpm, resonance
vidbrations of the gas columns in the inlet and exhaust
linecs, etc.
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C uch-ﬂ' 1- theorem is ap 1ic hle. CFT 0 = —mtee—
a ¥ de eore app For Vr§75

(B = modulus of elasticity and shear modulus, respectively,
n kg n~2, o = denqlty in kg n”%*s®), we have:

()= LD - = /2 (20)

he phenomena due t0 elastic forces are similar; they
are unaffected by the size of the engine. In other words,
if-the cr%nusnaft of a2 machire has a critical rpm 15 pere—
cent above the rated rpm for full load, the crankshaft of a
nachine of the same type series dut different size. has a
critical rpn wvhich is also 15 percent above the rated rpn
of this second machine. Or, if the gas column in the eox-
haust line is in resonance at the rated rpn, a sinilar
larger nachine will also manifest resonance at the rated
rpn, Vibration phenomena in the Tuel lines of solid-
injection engines narifest at the rated rpn, thc same wvari-

ation for anv cngine size when referred to degreoes of crank

3

c) Plow Phenomcna under the Influence
of Inertia and Viscosity

Heroto belong all Flow phenomcna accompanying leow

pressurcs, nsence those in the inlet and exhaust lines and,
chiefly, the scavenging processes in 2-sitroke—-cycle en-—
gires., The cooling flows in air-cocled cngines can also
bPe included so long as the inflow velocitics are the same

Here the Reyrolds nmodel law is applicable: For R =
%} (v = kinematic viscosity in mas‘l), it is

(r) = L) - /2 A - (v)A (21)
_ 1 a

The flow phenomens in internal-combustion engincsg,
thaereforec, do not vary similarly, siance the Reynolds aun-—
ber increases with incronsing size of the machine. Thus
the scavenging curve of a small nmachine could différ fronm
that of = large mochine, in spite of identical scavenging
processcs and ilentical arrangemonts of the scavenging ol-
ements. More elaborate investigations are necded on this
subject. According .to aerodynanic researches (reference
4), tae effect of the Reynolds number on the flow variation
Is not great; dut it is possible that the turbulence proc=—
ssses, waleh are of equal importance for the scavenging
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“

(reference 5), arc mo“e 1ntlmatelv related to the Reynolds
nunber and herce night manifest apnreciao e differences.
This should be decided by experinents. '

d) Thernic ard Thernmodynonic Phenomena

Thig involves the temperntures in the workiag mediun
and in the surrounding parts (erlinder walls, pistons, and
further, in the cooling water), the heat exchange in the
gas, the heat transfer in %tae 7101n1ty, and the hent dissi-
pation. The tenperature in the operating medium ig related
to the pressure through the polytropic equation

I const ' (e2)

n-3
pm

In the comparisons s of course, equal starting points
nust be assumed (equal iritial pressure and temoerature) -
nlso permissible in this summary aonalysis. The polytropvic
exponrent of the internal- conouvtlon engine is slightly
less than the adinbatic factor # (reference 6), not onlw
becausge of the heat transferom the walls dut also as a re-
gult of the variation of the specific heat at higher ton-
peraturcs. Its absolute <walue, however, is not of inter-
est here.

For the provortional aumbers, it therefore gives:

el M1
=" =1pn" (23)

In the comparison of heabt-conductivity processes, theo
Fourier and the Péclet model laws nust be allowed for -
one for the temperature distridbution and its tinme rate of
change in the surrounding walls, the other for the ex-
change of heat in the working chamber itself.

For 7Fo = —l~, where a, = EH is the tenmperature
i ta.o o cY ) &
conductivityr i nfg? (A, = heat conductivity, ¢ = spe-
cific heat, ¥ = unit ‘weight), we have:
o. . __,'A. .
A V/ B .
Fo) = o l= 2N = (v) A ' (2.2)
(Fo) ) > _H'(

e
4
{-te

dentical naterials - that is, (a,) = 1 = are used.
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‘The heat distridution and its: varintion. with respect
to time is therefore mot sinmilar in the walls, because the
Fourier characteristics iacrease with increase in size of
the machine. For instance, on large nachines the variation
with respect to time lags behind that on a small one, when
referred to the period of the nmechine -~ say, of crank angles.
P vl

= ——, 1t affords in the gsane

For Pdclet's number Y
0

nanner

(v _ 1 JLo 7ty .
@ =Bt wa-tem™ (25)

In this instance, however, the tempernture conductivi-
Ay
CPY
the pressure (reference 1, p. 499), whence the ratio (ag)

becones equal to the ratio w of the pressures, that is,
equal to b. This value is ontered in (25).

ties ay = are not equal, dut linearlyr dependent upon

The exchange of heat in the vorking mediun is there-—
fTore not similar because th:e Péclet numbers increase with
the size of the machine. The oxchange in larger nachines
is slower and so much more, as the speeds, factor (v)—l,
are lower.

Inportant also are the proportional numbers for the
heat quantities passing to the walls and carried from there
in the cooling water, For conparisons, these heat quanti-
ties must be considered as rarts of the total heat input,
hence thev are referrecd to the horsepower Ne of the ma-

chine (waile tacitly assuning equal efficie nc¢es)

the quantity of heat af transnitted in unit tine
to the walls (surface ¥) by contact, we have:

qgf =a F AT

By turdulent flow, as undoubtodly is tHe cage in the inter-
nal-conbustion engine, the transition factor o can be cx~
pressed in the form (reforcnce 3, p. 498):

3/4 ép_

a = K P
I.‘o‘

where K 1is a constant factor dependent uvon the form and
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type of flow, '3' the Péclét nunber, N;...the heat cqnduc-

. ] '0
't1v1ty, and L a llnemr dimension.’
Hence, by equal heat conductivity (i.e., (N) = 1),

the ratio of aeat quantities transmitted per unit horse-
power, is

3/4
(q) _ 1 ()

(¥g)

2 ,
A (AT) . (am) A—l/4
}\g ‘ a"7/4‘ (v)15/4

(28)

>
o'
p.\,dlp

P Ybeing expressed by the value found in equation (25).

The neat transnissions by contact are therefore not
sinilar. At equal temperaturcs, (AT) = 1, the acat trans-—
fer in larger machincs is somcwhat less than in a small onc*
(factor A”l/f 7ith Nusgelt's hoat transnmission fornula
(refcronce 7)

a = 0, 99 / 27 (1 + 1.24 cp)

(¢, = ncan piston speed) affords
3
‘ n=1
1 2 n .42 \
(Cl‘u. = b b A (AT) - (AT.) (27a)
(Wy) . J/E‘Aa al/sm(v)1+2/sm
=
if the first term only is considered, and’
1
(o) - {AT) (271)

(Ne) al/sm (v)a/zm

so far as the second term only is codsidered.

*This nay seen, surprising at first b1ance, gince the heat-
" trangfer coezxiclent increases with 1gher gas velocities.
But it should be remenbered that we must always figure
with equal conditions. If the gas velocities are higher,
the other velocities must also be higher .and the time in-
tervals correspondingly shorter; hence.the hecat transfer

less., The Forrula indicates that thisg influence predoni-
nates.
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In both cases the gquantity of heat transmission per
unit horsepower, accordirg to this fornmula, would be inde-
pendent of the size of the nachine, but related in the sane
sensoc, as through equation (26) - onlv weaker - to the
specds.* '

The heat-transfer Fac%or by radiation, is

\EBB <1oo
2

where
Tg gas tenpcrature
Ty, wall temperature
G2 effective radiation factor

At cqual teonmperatures, the ratio of the heat quantities
transnitted per unit horsepower, is

2
fag) _ 1™ L | (28)

(1) b/gf a(7)®
a

The hcat transfers by radiation vary sinilarly; thoey
are unaffected by the size of the nachine. At 11gh specds,
relatively loss heat is transferred (factor (v)™°

The quantity of heat carriecd off through the ecylinder

walls per unit tinc is '
A, T A
i 7 T
where A, is thc heat conductlv ty, & the wall thick-
ness. Hcere tho ratio (q)/(N,) (assuning identical nate-
rials, hence (Ay) = 1) is:
-1
(a) 1A% (am) _ (A7) x : (29)

Mo) 5y [247 2l

Exnorlionts night afford infornation on the scope of wvalid-
ity of the difforent heat-transfer fornulas.




HACA Technical Monorandum No. 978 15

The hent reonowval is not unniform; large nagc fi-ns renove
. relatively less heat-than srall oneés (fdector’ a Y, hence
the pistons nust be cooled, starting from o certain size.
At higher speeds, the heat removal decreases.

Translation by J. Vanier,
National Advisory Comnittee
for Aeronautics.
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